In this paper, we prove the existence, uniqueness and continuous dependence on the data of a solution of a mixed problem with a weighted integral condition for a parabolic equation with the Bessel operator. The proof uses a functional analysis method based on an a priori estimate and on the density of the range of the operator generated by the considered problem.
Introduction
We consider the problem of finding a solution of the problem: @ oe @Ð<ß >Ñ has been studied by Benouar-Yurchuk [1] . In the case when in Equation (1.1) instead of the Bessel operator, we have the operator , with Neumann and the linear constraint † <`< ‰ +Ð<ß >Ñ defined above, we refer the reader to Cannon [5] , Cannon-Esteva-van der Hoek [6], Cannonvan der Hoek [7] , Muravey-Filinovskii [8] , Shi [9] , and Bouziani [2] . For other problems with integral conditions, see Bouziani [3, 4] and references therein.
Preliminaries
We first transform problem (1. be the subspace of with the finite norm
We also use weighted spaces on the interval such as , and
, whose definitions are analogous to those for functions defined on . For example,
is the subspace of with the finite norm 
and is the Hilbert space of vector valued functions with
We assume that satisfies the compatibility conditions of the form (2.3) and (2. From equation (2.1), it follows that Proof:
The initial condition (2.2) implies that
Addition of (3.2) and (3.3) yields the desired inequality (3.1), and this proves Theorem 1. , we get
Using condition (2.2)-(2.4) and integrating by parts, we obtain the following relations:
? Ð<? Ñ .<.> oe <?
Substitution of relations (3.6)-(3.9) into (3.5) gives
We estimate the first four terms on the right-hand side of (3.10). By applying Cauchy's inequality we have
Therefore, from equality (3.10), by virtue of inequalities (3.11)-(3.14), we obtain
From equation (2.1) we have
We have the elementary inequality
:
Adding (3.15)-(3.17) yields the inequality
Applying Lemma 3.1 from [2] to (3.18), we get
where .
Since the right-hand side of (3.19) is independent of , in the left-hand side, we 7 take the least upper bound with respect to from to . We thus obtain inequality 7 ! X (3.4), with .
Solvability of the Problem
It follows from inequality (3.1) that the operator is continuous. From inequality PÀ I Ä J (3.4), it follows that the range of is closed in . Therefore, there exists a continuous VÐPÑ P J inverse operator yielding the solution. That is, is a linear homeomorphism from the P P 
Proof:
The proof of this lemma has a purely technical character. We shall not reproduce it here, but instead refer the reader to [2] . Now replacing in (4.1) by its representation (4.4), we have = Substituting equalities (4.6)-(4.9) into (4.5), we obtain
Ð%Þ"!Ñ oe <? Ð ? Ñ.<.>Þ '
Further, by virtue of an elementary inequality, we estimate the right-hand side of (4.10) to get 
Conclusion
In summary, we have established the existence, uniqueness and continuous dependence on given data for solutions to a mixed problem for a parabolic equation with the Bessel operator which combines inhomogeneous Neumann condition and integral conditions. More precisely, we have constructed a sufficiently smooth function satisfying these conditions. Then we are lead to study an equivalent problem with homogeneous boundary conditions. Thus, we have established two sided a priori estimates for the operator generated PÀ I Ä J by the considered problem. Then we concluded that the operator realizes a linear P homeomorphism of the space on the closed set . To prove that the studied I V Ð P Ñ § J problem possesses a unique solution, we proved that is dense in . VÐPÑ J
